ABSTRACT Lipid droplets (LDs) are cytosolic organelles that protrude from the endoplasmic reticulum membrane under energy-rich conditions. How an LD buds off from the endoplasmic reticulum bilayer is still elusive. By using a continuous media description, we computed the morphology of a lipid droplet embedded in between two identical monolayers of a bilayer. We found that beyond a critical volume, the droplet morphology abruptly transits from a symmetrical elongated lens to a spherical protrusion. This budding transition does not require any energy-consuming machinery, or curvature-inducing agent, or intrinsic asymmetry of the bilayer; it is solely driven by the large interfacial energy of the LD, as opposed to the bilayer surface tension. This spontaneous budding mechanism gives key insights on cellular LD formation.
Cells convert excess energy into neutral lipid oils, such as triglycerides or sterol esters, which are packaged into organelles called ''lipid droplets'' (LDs) (1) . LDs have an oil core bounded by a phospholipid monolayer containing proteins. How LDs form is still poorly understood despite recent advances. Neutral lipids are synthesized within the endoplasmic reticulum (ER) intermonolayer leaflets, where they nucleate oil lenses that further grow (2) . The eventual release of a lipid droplet in the cytosol requires a budding process: the outer monolayer of the ER membrane has to form an almost spherical protrusion filled with the oil phase. In general, the budding of a spherical protrusion from cell membranes is achieved by curvature-inducing proteins such as coat proteins (3) . In the case of LDs, the knockdown of most proteins found at the LD surface does not prevent LD budding, which suggests a different mechanism (4) . From a physical standpoint, LDs are oil-in-water emulsion droplets (5) with an interfacial tension that we recently measured as $10 À3 N/m (6), which is much larger than the surface tension of bilayer organelles, g b $10 À5 N/m for the ER (7) . In this Letter, we show that this large tension difference is sufficient to enable the complete budding of a lipid droplet.
We use a continuous media description to compute the shape of a lipid droplet embedded in a bilayer (Fig. 1) . The two monolayers (called c and l) surrounding the oil phase and the ER bilayer membrane (called b) are described as elastic fluid membranes joined at the contact line around the LD. For a given LD volume V, the LD shape is obtained by minimizing the free energy, as follows:
where A i , g i , and F i b are the area, surface tension, and elastic energy of the membrane i ¼ {c,l,b}, respectively; t and R are the line tension and radius of the contact line, respectively; and P c,l and V c,l are the pressures and volume changes of the cytosol and lumen, respectively. The elastic energy depends in general on k i , the bending rigidity; C 0i , the spontaneous curvature; and k i G , the Gaussian bending rigidity of the membrane i and on the local mean and Gaussian curvatures H and K (8) (see details on the origin and values of the parameters in the Supporting Material).
Here, to shed some light on the key mechanism driving LD budding, we analyze the simplest case of a symmetric bilayer (the two monolayers are identical, as well as the pressures on both side of the ER membrane), and neglect the line tension and the spontaneous curvature of the monolayers. The influence of the neglected contributions are discussed at the end of the Letter. Under these assumptions, the LD shape is controlled by three dimensionless parameters (Supporting Material): V/l c 3 , where V is the LD volume and l c ¼ (k c /g c ) 1/2 is the elastic length, g b /g c and k b /k c . The bending rigidities are typically k c z 4 , 10 À20 J and k b R 2k c (9) . Taking g c z 10
À3 N/m gives l c z 10 nm. The expected LD shapes have a rotational symmetry axis. The shape of each membrane i ¼ {c,l,b} is characterized by the angle j i (Fig. 1) , function of the position s along the contour. At the contact line, j c ¼ Àj l ¼ j b because the monolayers c and l zip together to form the bilayer. We assume that far away from the LD, the bilayer b is flat. The minimization of the free energy F follows a standard procedure (10) (11) (12) (13) reported in the Supporting Material. For a given set of parameters, several stationary shapes, corresponding to local minima or saddle points of F, are found in general. The two types of shape of lowest energy are shown in Fig. 2 , and are either symmetrical (2A) or fully asymmetrical (2B).
The symmetrical shape ( Fig. 2 A) is spread at small volume because of the bending rigidity of the monolayers. In the limit V << l c 3 , the LD radius and thickness are
The aspect ratio h/R increases with the volume and with Dg. As the volume increases, the shape of the monolayers progressively evolves toward the spherical cap shape expected at large volume. Indeed, in the limit V >> l c 3 , the influence of the bending rigidity is negligible, and the LD shape is controlled by surface tensions. In this regime, the LD shape consists of two apposed spherical caps forming an opening angle 2a, where cosa ¼ g b /2g c (4,14) (Supporting Material). A nearly spherical LD (i.e., 2a z p) is obtained when g c >> g b .
For the asymmetrical shape ( Fig. 2 B) , one monolayer forms a nearly spherical protrusion connected to the bilayer by a narrow neck. As the volume increases, the neck radius rapidly reaches zero. This shape corresponds to a completely budded LD and is almost independent of g b /g c . Owing to the symmetry of the bilayer, this budded shape equally exists on both sides of the membrane.
Which of the symmetrical and budded shape will actually be observed? Fig. 3 A shows the free energy of the different stationary shapes as a function of the effective LD radius R LD ¼ (3V/4p) 1/3 . It reveals two important features: 1) for R LD /l c between points a and d (inset), the budded shape has the lowest energy, thus is the most stable one; and 2) at the point b, a bifurcation occurs (10): a pair of unstable shapes (depicted in black) merges with the symmetrical shape (red) resulting in a unique unstable symmetrical shape. The opposite bifurcation occurs at point c and as consequence, for R LD /l c between b and c, the symmetrical shape is unstable. The existence of these two features strongly depends on the ratio between the tensions of the bilayer and the monolayer g b /g c . In the blue regions of the phase diagram (Fig. 3 B) , the budded shape is the most stable. In the light-blue region of the phase diagram, the symmetrical shape is metastable. An energy barrier of the order of a few k c prevents the spontaneous evolution from the metastable shape to the stable budded shape (Supporting Material). However, in the dark-blue region, the symmetrical shape is unstable and cannot be observed. As a consequence, an abrupt transition from a symmetrical shape to an asymmetrical budded shape takes place when the droplet enters the dark-blue region of the phase diagram. This spontaneous budding requires g b /g c < 0.17 (Fig. 3 B) . The ratio k b /k c has a rather weak influence; the unstable region of the phase diagram (dark blue) is slightly enlarged when k b /k c decreases (Fig. S4) . Based on the phase diagram, an example of shape evolution of a growing LD is shown Fig. 4 . For a small value of g b /g c , the budding transition occurs when the effective LD radius is two to four times larger than l c , hence typically a few tens of nanometers.
The symmetry breaking associated to the budding transition results from a subtle interplay between surface tensions and bending rigidities of the monolayers. When the droplet volume is larger than l c 3 ¼ (k c /g c ) 3/2 , and g c >> g b , the surface tensions favors the formation of a symmetric, nearly spherical LD. The junction of the monolayers to the bilayer leads to a strong deformation of the monolayers near the contact line (Fig. 2 A) . This deformation has an energy cost $16p(k c g c ) 1/2 R (15) equivalent to that of an effective line tension. This effective line tension constricts and eventually destabilizes the symmetrical droplet in favor of a budded droplet, in analogy with the budding of phase-separated membrane domains (16) .
Our analysis shows that at large LD surface tension, g c (with respect to the ER bilayer tension g b ), is sufficient to drive the spontaneous budding of LDs in the ER bilayer. Neither intrinsic ER asymmetry, nor spontaneous curvature of the monolayers, nor an intrinsic line tension is required. We recently measured the tension of cellular LDs and found $mN/m (6), which is at least 10 times the tension of the ER. This strongly supports the scenario in which the surface tension difference, between the LD monolayer and the ER bilayer, is the main driving force for LD budding. In this scenario, a weak asymmetry of pressure or tension around the ER membrane will merely determine the budding direction. The budding direction could then be switched by modulating the protein and lipid content on the opposite monolayers, and allow LD formation in the cytosol or in the ER lumen as observed in Choudhary et al. (17) .
The spontaneous curvature of the monolayers C 0c,l can differ from zero but is certainly below l c À1 z 0.1 nm À1 to ensure the bilayer stability (9) . For a forming LD, the line tension due to the configuration of the molecules at the droplet edge, is unknown. An estimate of $1 pN can be obtained from the analogy with nanodroplets at fluid interfaces (see Supporting Material and (18)). It is smaller than the effective line tension induced by the surface tension and bending rigidity discussed above. These two quantities have thus secondary effects, such as enlarging the budding region of the phase diagram (data not shown). Other proposed mechanisms of LD budding rely on the enhancement of t and C 0,c by the accumulation of curvature-inducing proteins (2) or lipids (19) on the unzipped monolayers. Our analysis shows that this is not necessary for budding to occur. The recruitment of specific proteins and lipids on LDs can be the consequence and not the cause of LD budding (4). 
SUPPORTING MATERIAL

General model and parameters
The model is depicted Fig. S1 . The free energy reads in general,
where R and τ denotes the radius and line tension of the contact line, A c,l,b and γ c,l,b are the areas and surface tensions of the membranes c, l and b, P c,l are the pressures in the cytosol and lumen and, V c,l are the volume changes of the cytosol and of the lumen, with −V c − V l = V the droplet volume. The first three terms in (1) are the bending energies of the three membranes,
where H is the local mean curvature of the membrane, K the Gaussian curvature, κ i , κ i G and C 0i are the bending rigidity, the Gaussian modulus and the spontaneous curvature of the membrane i. The bending rigidity of the monolayers is of the order κ c κ l 2 − 10 · 10 −20 J [1] . The bending rigidity of the bilayer is at least two times larger, depending on the coupling between the two monolayers. The Gaussian bending rigidity is negative and with −κ i G /κ i 0.8 − 1 [1, 2] . As shown in Sect. 3, LD shape depends only on the difference κ b G − κ c G − κ l G , which should be much smaller than the bending rigidies κ i (and vanishes if the spontaneous curvatures of the monolayers are zero). The spontaneous curvature of the bilayer is nearly zero, C 0b 0. The stability of the bilayer requires that the intrinsic spontaneous curvature of the monolayers cannot be large and it is typically in between 0 < C 0c,l < 0.1 nm −1 .
We assume that the surface tensions and excess pressures are kept constant in the ER (rather than the membrane area and volume). The surface tension of the ER membrane is low γ b 10 −5 − 10 −6 N/m [3] . The surface tension of the unzipped monolayers at an oil/water interface should be much larger. In Ref. [4] , the surface tension of artificial droplets of triacylglycerol (the main component of the LD core) surrounded by a phospholipid monolayer of composition close to that of natural LD, was measured. The values were found in the range of 10 −3 N/m. In a more recent work [5] , we measured the surface tension of purified LDs extracted from living cells and found 2 · 10 −3 N/m. Other experimental observations in in vitro artificial systems reported in [5] confirm that γ b /γ c may be small. We can thus expect the interfacial tensions of the forming LD are of the order of γ c γ l ∼ 10 −3 N/m.
The competition of the bending rigidity, which prevents small scale deformation of the membrane, and the tension, which prevent large scale deformation, sets a typical length scale, λ i = κ i /γ i . For the monolayers λ c λ l ∼ 10 nm. For the stiffer and less tense bilayer, λ b is much larger. An osmotic pressure difference between the ER lumen and the cytosol, P c − P l , may exist but is hard to estimate. However, the typical radius derived from the Laplace law γ b /(P c −P l ) is certainly very large as compared with the typical LD size R. The pressure difference should thus have a small influence, as is usually the case in membrane budding processes [6] .
The last term of Eq. 1 accounts for a possible additional energy cost associated to the existence of the contact line. It originates from the different environment encountered by the molecules near the edge. The line tension τ has never been measured, nor predicted theoretically, in a configuration analogous to that of a forming LD. Even for droplets of simple liquid at an interface, the determination of the value (and sign) of the line tension is challenging both theoretically and experimentally [7, 8] . The line tension can be positive or negative and its value is sensitive on the shape of the interfaces near the contact line (and thus may be not constant in our situation). However, the order of magnitude can be inferred by using a general theoretical consideration, which states that the line tension ∼ surface tension × the typical molecular size [9] . This was confirmed by molecular simulations of nanodroplet at an interface [8] , where (the absolute value of) the line tension was found in the range of 1 − 10 pN for molecular interaction strength such that the surface tension was of the order of a few tens of mN/m. Experimentally, the line tension of oil (alkane) droplet at water/air interface with surfactant was measured [10] and also found in the range 3 − 20 pN for surface tensions of the order of a few tens of mN/m. For a forming LD, the interfacial tension is much lower, γ c 1 mN/m, and we can thus estimate that the order of magnitude of the line tension is τ ∼ 1 mN/m ×1 nm ∼ 1 pN.
Membrane shape parametrization
The expected LD shapes have a rotational symmetry axis. The shape of each membrane i = {c, l, b} can be characterized by ψ i (s), the angle between the tangent to the contour and the radial direction, as a function of the arclength s along the contour, at a given revolution angle, Fig. S1 . Note that for convenience ψ l is defined with the opposite sign so that ψ l (s) = ψ c (s), when the shape is symmetrical. The cylindrical coordinates r i (s) and z i (s) are related to ψ i (s) byṙ
where the dot denotes the derivative with respect to s and the sign in the second equation is − for the membranes c and b and + for l. The two local principal curvatures areψ i and sin ψ i /r i . The mean curvature of a membrane is 2H =ψ i + sin ψ i /r i and the Gaussian curvature is K =ψ i sin ψ i /r i . The area element is dA = 2πr i ds. We denote s i,1 and s i,2 the value of s at the two extremities off the membrane i. The volume changes of the cytosol and lumen are,
At the symmetry axis, the membranes c and l must be flat (to avoid the divergence of the curvature),
At the contact line, the membranes meet and their tangents must be the same,
where R is the radius of the contact line and ψ contact the angle of the membranes at the contact line, Fig. S1 .
Minimization of the free energy
The shape of the Lipid Droplet is obtained by minimizing the free energy (1, 2) for a given volume of the oil phase V . This minimization yields differential equations satisfied by the functions ψ i (s) and boundary conditions that determine the radius of the contact line (R) and the angles of the membranes at the contact line (ψ contact ). The minimization procedure is a straightforward extension of the one-membrane case [11, 12] to the three coupled membranes case studied here. A similar procedure can be found in [13] , in which a model involving three joined membranes (but with different boundary conditions than (6)) was studied to describe the wrapping of an elastic vesicle by a membrane.
To ensure the constraint of fixed volume V , we introduce a Lagrange parameter P o , which represents physically the pressure of the oil phase in the LD, and have then to minimize,
where we have denoted the pressure difference across the membrane i by p i ,
The integrals over the Gaussian curvatures are given by
s i,1 and thus, simply yield boundary terms depending on the angle of the membrane at the contact line.
The energy G is minimized with respect to the functions r i (s) and the functions ψ i (s) of the three membranes. The functions r i (s) and ψ i (s) are linked, as given by equation (3). This constraint is accounted for by introducing Lagrange multipliers t i (s) (for each membrane). The functional that has to be minimized is then,
where we have introduced the "Lagrangian",
in which the pressure differences p i are defined in (8) .
The first order variation of S can be obtained by doing a straightforward extension of the one-membrane calculation [11, 12] ,
where
At the symmetry axis, the angle and radius of the membrane c and l are fixed (Eq. (5)) and thus δr(s c,1 ) = δr(s l,1 ) = δψ(s c,1 ) = δψ(s l,1 ) = 0 ,
At the contact line, the shape of the three membranes are coupled by Eq. (6) and thus,
The variation of the functional S expressed in term of the variation of the free independent quantities then reads,
At equilibrium, δS = 0, each term of (16) must vanish. This leads to
which gives the equations governing the shape of each membrane i (with i = {c, l, b}),
Next, since the length of the contours are not fixed, then H i = 0, which gives the equation,
The radius of the contact line R and the angle of the membranes ψ contact at this point are not fixed and thus,
Using,
with J i =ψ i + sin ψ i ri − C 0i , one obtains the boundary conditions at the contact line,
Finally, if we assume as in the present article that the pressure difference p b across the ER membrane is zero, then we can assume that the free end of the membrane b is attached at a ring at infinite distance from the forming LD, r(s 2,b ) → ∞, and then δr(s 2,b ) = 0. The condition, ∂L b ∂ψ δψ
gives (since C 0b = 0),
In summary, the shapes of the three membranes c, l, b are obtained by solving the three sets of four first order differential equations, Eqs. (18) . These equations require twelve boundary conditions given by Eqs. (5, 6, 23, 24, 26) . Note that equation (19) is convenient to obtain additional boundary conditions from those written here.
Note that these equations and boundary conditions are similar to those of Ref. [13] . The major difference is that the so-called outer-membrane in [13] and the membrane c in the present model have the opposite orientation at the contact line leading to sign differences in the torques balance (24). The equations in [13] are also simplified by assuming additive relations for the elastic moduli.
The shapes are calculated at fixed droplet pressure P o , or in practice at fixed p c = P o −P c . The droplet volume V is an output of the calculation. The pressure p c has thus to be adjusted to obtain the prescribed volume.
For a given set of parameters, the shape equations with the boundary conditions have in general several solutions. These solutions satisfies δG = 0 and thus are either local minima or saddle points of G. The minima correspond to stable and metastable shapes, while the saddle points correspond to unstable shapes that cannot be observed. The stability of a shape can be inferred by studying the free energy F of the different solutions function of V (or G function of p c ). Typical bifurcation patterns (meeting of different solution branches and the relative energy of the different branches) reveal the stable or unstable nature of the shapes [11, 14] . Moreover, in the case of the present article the instability of the symmetrical shape for some parameters was confirmed by computing dA c,l /dγ c,l . Stability requires that this quantity is negative (the area must decrease when the surface tension increases). We found that it was positive in the unstable region and negative elsewhere.
Numerical Methods
The differential equations for each membrane are solved by using a fourth-order Runge-Kutta method with adaptive step starting at one extremity (contact line or symmetry axis) of the membrane contour. The boundary conditions apply at both ends of the membrane contour. Therefore, at one extremity, where the calculation starts, all the initial conditions are not known. We thus have to use a shooting method : the unknown initial conditions are tuned until the obtained shape satisfies the boundary conditions at the other extremity [11, 15] . In our three coupled membranes model, this shooting method is rather tricky since the boundary conditions at the contact line involve the three membrane profiles. As a consequence, three parameters at least have to be adjusted at the same time for each set of parameters.
In practice, the profile of the three membranes are calculated by starting at the contact line. The quantities R, ψ contact and u b (s b,1 ) being fixed, the conditions (23, 24) and eq. (19) give all the initial conditions for the three membranes. The parameters R, ψ contact and u b (s b,1 ) are adjusted until the boundary conditions at the symmetry axis (5) In the particular case of the symmetrical model discussed in this letter, for the symmetrical shape, the computation can be much accelerated since the membrane b is flat and ψ contact = 0. Only one initial condition (R when starting the calculation at the contact line or u c (s c,1 ) when starting at the symmetry axis) has to be adjusted.
Symmetrical model
In the present letter, the goal is to unveil what could be the dominant mechanism driving LD budding. We thus use the simplest model, neglecting sub-dominant contributions. We assume that the two monolayers are identical as well as the pressures on both side of the ER membrane,
The last condition implies that in the shape equations, p c = p l and p b = 0. We also neglect the line tension and the spontaneous curvature of the monolayers,
Note that the preceding assumptions imply [1, 2] . Then under these assumptions, the LD shape depends on V , κ c , κ b , γ c and γ l . Rescaling the lengths by λ c = κ c /γ c and the energies by κ c , one obtains that the LD shape is controlled by three dimensionless parameters : V /λ 3 c , γ b /γ c and κ b /κ c .
6 Symmetrical shape in the small volume limit
For small droplets, when V /λ 3 i 1, the rigidity favors flatten shapes. Analytical results for the shape of small elongated droplets can be obtained by expanding eqs. (18) at linear order around the flat shape (ψ i =ψ i = 0 and t i = γ i s) and by taking the limit R/λ i 1. Under these approximations, the shape equations for the membrane i = {c, l, b} read,
The solution is r i = s = r and ψ i (r) = A i r + B i /r − p i r 3 /(16κ i ), where A i and B i are integration constants. The boundary condition (5) 
Then, using the boundary condition (24), one obtains ψ contact = 0, and thus,
The membrane b is flat and by integration, one obtains
The radius of the contact line R is determined by using the boundary condition (23). Using eq. (19), one obtains t i (R) = γ i R − κ i Ru i (R) 2 at the contact line. The radius is thus fixed by the balance of the forces due to the bending rigidities, favoring droplet spreading, and the forces due to the surface tension differences ∆γ = 2γ c − γ b limiting spreading if ∆γ > 0. 
The radius and droplet thickness function of the volume h = z c (0) − z l (0) are then,
(34) Figure S2 shows that the approximated profiles given by Eqs. (31, 33) are very accurate even when the volume is not much smaller than λ 3 c .
Symmetrical shape in the large volume limit
At very large size as compared to the elastic length, the bending rigidities of the membranes have a negligible influence on the LD shape. At zero bending rigidities, κ c = κ l = κ b = 0 (or infinite droplet volume), the shape of the membranes is dictated by the tensions and should behave as the interfaces in a three fluid phase wetting situation. The shape equations (18, 19) for each membrane reduce to,
The second line means that the two principal curvatures are equal and constant: the membranes have a spherical cap shape of curvature p i /(2γ i ). The equality of the angles at the contact line Eq. (6) cannot hold in this case. In the following, we denote ψ c,l,b the values of this angle at the contact line. The balance of the lateral forces applied on the contact line (23) and the condition p c − p l = p b lead to,
which allow the calculation of the angle of each membrane at the contact line as a function of the membrane tensions. In the case p b = 0, the membrane b is flat ψ b = 0 and using equations (37), one obtains,
In the symmetrical situation, ψ l = ψ c and,
The shape of the droplet consists of two apposed identical spherical cap with an opening angle α = 2ψ c . The droplet spreading decreases when γ b /γ c decreases, and the droplet is almost spherical (α π) in the limit γ b /γ c 1. For finite but large droplet volume, the membranes shape should deviate from the spherical cap in a narrow region of width λ c at the vicinity of the contact line to ensure the continuity of monolayers shape. Fig. S2 shows that the spherical cap approximation reproduces very well the droplet shape at large volumes except near the contact line, as expected.
Shape transition
We provide here a more detailed analysis of the transition between the symmetrical shape to the budded shape. Fig. S3 shows the free energies of the LD for different branches of solutions to the shape equations and boundary conditions (solution to δF = 0). The LD shapes corresponding to the different branches are shown on the right for different effective radius R LD = (3V /4π) 1/3 in between points O and b. Note that other shapes are found, such as symmetrical and asymmetrical double buds, but they have a much larger free energy and should never be the shape adopted by LDs. Note also, that owing to the up-down symmetry of the parameters, for each asymmetrical solution, there exists another solution obtained by mirror symmetry and that has the same free energy. Therefore, two shapes correspond to the black curve and two shapes correspond to the blue curve in the energy plot.
At the point O, two pairs of asymmetrical stationary shapes (black and blue lines in Fig.  S3 ) appear. For each pair, the blue and black shapes are identical at point O. As the volume increases, the shapes in black progressively evolve towards the symmetrical shape in red. At point b, the three shapes (the two in black and the red one) are identical. Beyond point b, only the symmetrical shape remains.
This behavior is characteristic of a subcritical pitchfork bifurcation. The shapes in black correspond to saddle points of the free energy and are thus unstable, while the shapes in blue are local minima of the free energy and are thus stable. Before point b, the symmetrical shape corresponds to an energy minima and is thus stable. When the black shapes merge with the symmetrical shape, this last becomes a saddle point of the free energy and thus becomes unstable. In particular, for volume beyond point b, dA l /dγ l > 0 ( whereas it is negative before), which confirms that the shape is unstable. The bifurcation that occurs at point c (Fig. 3A, article) is similar. A pair of unstable shapes appears and the symmetrical shape becomes stable.
Between points a and b, the symmetrical shape has a larger free energy than the stable budded shape (blue). The symmetrical shape is thus metastable. The energy barrier separating the symmetrical shape and the stable asymmetrical budded shape corresponds to the energy difference between the symmetrical shape and the unstable shape (in black). The energy barrier is thus of the order of a few κ c , much larger than k B T . The transition cannot occur spontaneously. The transition thus occurs only when the symmetrical shape becomes unstable, at point b.
9 Effect of κ b /κ c on the phase diagram We computed the same phase diagram as in Fig. 3B of the article, but using κ b /κ c = 2, Fig.  S4 . One can see that the difference with the case κ b /κ c = 10 is small: the unstable region is slightly enlarged. For completeness, we also studied the case κ b /κ c → ∞ and in this case, the unstable region, is slightly reduced.
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